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In this paper we consider the weighted approximation by the Szasz-Mirakjan
operators. We characterize the functions with nonoptimal approximation order by
smoothness. © 1994 Academic Press, Inc.

1. INTRODUCTION

The Szasz-Mirakjan operators in [0, (0) are given by

Sn(f,x)= L f(k/n)Pn.Ax),
k~O

(1.1 )

In 1978, M. Becker [1] proved for mENu {o}, (1 +x)-m f(X)E
Lx [0, (0) and 0< Q( < 2 that

(l +x)-m ISnCf, x)-f(x)1 ~Mf(x/ntI2

~ (1 +x)-m If(x + 2h) -2f(x + h) +f(x)1 ~M;h~

(x ~ 0, n E N)

(h>O, x~O).

(1.2 )

V. Totik [7] gave a characterization theorem for these operators In

1983. He proved for f E C[O, (0) (l Lx [0, (0) and 0< Q( < 2 that

IISn(f) - fll 00 = O(n -~/2)

~x~/2If(x+2h)-2f(x+h)+f(x)1~Mfh~ (x~O, h>O). (1.3)

This result was also proved by V. Totik [6], Z. Ditzian and V. Totik [4].
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In this paper we shall consider the weighted approximation by the
Szasz-Mirakjan operators and give a characterization theorem. We take
spaces Ca. b via the weights wa. b as follows.

1>a>O, b>O,

Ca,b= {fEC[O, 00) :WfELoo[O, <Xl)},

Ilfll,.,= Ilwflloo·

(1.4 )

(1.5 )

(1.6)

In their monograph in 1987 [4], Z. Ditzian and V. Totik gave some
weighted approximation theorems for Kantorovich type integral version of
the exponential-type operators. It is strange that they did not consider the
same problems for the exponential-type operators. We shall point out
that the Szasz-Mirakjan operators are unbounded in C a, b with the norm
(1.6). However, since the Szasz-Mirakjan operators reproduce linear
functions, we only need to discuss in the space C~. b = {fE C a, b : f(O) = O}
first and then extend to Ca. b' Let us denote [x] as the integer part of
x>O,

2. AN UNBOUNDED PROPERTY

We show the unbounded property for the Szasz-Mirakjan operators as
follows.

LEMMA 2.1. For Sn(f, x) given by (1.1) and IE Ca, b' we have

(2.1 )

where M a, b is a constant depending only on a and b. This implies for f E C~. b

that

(2.2)

Proof Note that [1] for mEN

(2.3 )

We have
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By choosing m = [bl( 1 - a)J + 1 we then have

Iw(x) k~/(kln)Pn,k(X)1 ~ w(x) C~l (nlk)Pn,k(X)r
(

00 )b/m
X k~l (1 +kln)m Pn.k(X) II/llw

~ 2a2b(Mm)b/m II/II w'

Our proof is then complete.
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THEOREM 1. For any n E N, the Szasz-Mirakjan operator Sn(f, x) is

unbounded in (Ca. b, 11-I1 w)'

Proof Let /m(x) = 1/(xa + 11m). Then we have II/m II w ~ 1. By
Lemma 2.1 we have

II S n(fm)ll w ~ IIw(x) /m(O) Pn. o(x)11 00 -II w(x) k~/m(kln)Pn. k(X)L

~ m IIw(x) e-nxil oc - M a• b

--> (fJ (m --> OCJ ).

Hence Sn(f) is unbounded in (Ca. b, 11·11 w)'

3. BERNSTEIN TYPE INEQUALITIES

The main tool for the proof of the inverse theorem in the nonoptimal
case is an appropriate Bernstein-type inequality. Denote cp(x) = x.

LEMMA 3.1. Let c, d ~ O. Then we have

(x>O), (3.1)

where Me, d is a constant depending only on c and d.

Proof If c, d> 0, then we have for x> 0
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(

00 )(/([2C] + I)

~ k~1 (n/k)[2c]+' pn,dx) (Sn((1+t)[2d]+I,x)d/ ll 2d]+')

~ «( [2c] + 2)! x - ([2c] + I) )"/( [2c] + I)

x (2 [2d] + 1M [2d] + I (l + X)[2d] + I )d/([2d] + I)

~Mc,dX-c(l+_xf

The cases of c = 0 or d = 0 can be easily obtained, and our proof is then
complete,

LEMMA 3.2 (Bernstein-type Inequality). Let IE C~ b' n E N. Then we have

(3.2)

where M 1 is a constant independent 01I and n.

Proof Note that for g E C[O, (0)

00

S;(g,x)=n 2 L (g«k+2)/n)-2g«k+l)/n)+g(k/n»)p",dx), (3.3)
k~O

w

S::(g, x) = (n/x)2 L g(k/n)(k/n - X)2 - kn- 2)Pn,k(X). (3.4)
k~O

Then for XE(O, lin] we have by Lemma 3.1 and (3.3)

x

l}v(x)q>(x)S;(f,x)l~w(x)xn2 L 4(k/n)-a(l + k/n)bPn,k(X) 11/11,..
k~1

~ 4nw(x) M a,bx-a(1 + X)b 11/11 ...

~Mlnll/ll" ..

For x> lin, by (3.4) we have

Iw(x) q>(x) S;(f, x)1

x'

~w(x)n2Ix L (w(k/n»-I «kln-xf+kn-2)Pn,k(X) 11/11 ...
k ~ I

(

W ) 1/2
~ w(x) n2/x k~1 (k/n)-2a (1 + k/n)2b Pn,k(X)

X (2Sn ((t - X)4 + Pn -2, X)1/2 11/11 ...
~ J M 2a. 2b n2Ix(2(xn -3 + 3x2n -2 + x 2n- 2+ xn -3»1/2 I1III w

~4JM2a.2bn 11/11 ...

~Mln IIf11 ... ,
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here we have used the moments of the Szasz-Mirakjan operators

S,,((t - X)2, x) = x/n,

Sn((t - X)4, x) = xn -3 + 3x2n- 2.
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(3.5 )

Thus we have proved our Bernstein-type inequality.

To prove our direct and inverse results we need the Peetre's K-functional
defined in C~. b as

K(f, t)..= inf {11/-gll",+t IIq>g"II",}, (3.6)
gED

D = {g E C~. b : g' E A.C. loc , II q>g" II '" < OJ }. (3.7)

LEMMA 3.3. Let IE D, n E N. Then we have

(3.8 )

where M 2 is a constant independent 01I and n.

Proof Let x> 0, n E N. By (3.3) and Lemma 3.1 we have

Iw(x) q>(x) S:(f, x)1 = Iw(x) xn2k~)(ln f"(k/n + u + v) du dv P", k(X) I
00 lin

~w(x)xn2 L H (k/n+u+v)-l-a
k ~o 0

X (1 +k/n + u + V)b du dv p".Ax) 1Iq>f"II",

c~:.'

~w(x)x L {(1+(k+2)/n)b(k/n)-I-a pn.k(x)}
k=l

00

~w(x)x I {3b(1+k/n)b(k/n)-I-a p".k(X)} 11q>f"II ...
k~l

+ w(x) xn23b(1/n)l-a/(a(1- a)) Pn,O(X) II q>f" II '"

~ w(x) x3 bM I +a, bx-1-a(1 + X)b \I q>f" II '"

+ 3b(nx)1 +ae-nX/(a(l_ a)) 11q>f"II",

~M211q>f"II ....

Our proof is therefore complete.
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4. A CHARACTERIZAnON THEOREM

With all the above preparations we can now give our characterization
theorem. Denote Jif(x)=f(x+2h)-2f(x+h)+f(x) for x~O.

THEOREM 2. Let 0 < a < 1, b > 0, w(x) = xa(l + x) -b, fE Ca. b' Then for
0< r:t < 1, the following statements are equivalent:

(l) w(x) ISnCf,x)-f(x)1 ~Mfn-~ (nEN,x~O).

(2) K(f, t)w ~ M; t~ (t > 0).

(3) sup IxaH (1 +x+2h)-b J~f(x)1 ~M;h2~ (h>O);
x;?: 0

(4.1 )

(4.2)

(4.3 )
(x>O).

Proof It is sufficient to prove this theorem for f E C~, b'
By the standard method for the inverse results [4, 5] we have the

implication (1) => (2) from Lemmas 2.1, 3.2, and 3.3.
Now suppose (2) holds. We want to prove (3).
Let x > O. Then we have

Ixa(1 +x+2h)'h Jif(x)/

~xa(l +x+2h)-b (l/w(x)+2/w(x+h)+ 1/w(x+2h))

x Ilf-gllw+xu(l +x+2h)-b II: 19"(x+u+v)1 dudv

~41If-gllw+xa(l+x+2h)'b

x II: (x+ u+ v)-a-l (l +x+ u+ V)b du dv Ilcpg"lIw

~ 4{ IIf- gil w + h2/x II cpg" II w}'

By taking infimum for g E D we obtain

Hence the first statement of (4.3) is valid. The second statement can be
proved in the same way.

We now want to prove the final implication (3) => (l ).
Introducing the Steklov type means for h > 0 by

ff
h/2

fh(X) = (2/h)2 (2f(x+ u + v) - f(x+ 2u + 2v)) du dv,
o

(4.4 )
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(4.5)
f
'(h/2

f(x) - fh(X) = (2/h)2 1. 11~ + J(x) du dv,
o

j;'(x) = h-2(8J~/2f(x) -11~f(x)).

Suppose that (4.3) holds. For x>O, nEN, let h=(x/n)I/2. Note that
(t - u) u- a is monotone for u E [t, x] or [x, t]. Then we have

w(x) ISnUh, x) - fh(X)1

~ w(x) Sn (t(t - u) If~'(U)1 du, x)

~ 9M/w(x) h -2Sn({(t - u) h27u- a
-

7(l + U+ 2h)b du, x)

~9M/w(x)h27-2

xSn((t-x)x- a ru- 7 du((1+x+2h)b+(l+t+2h)b),x).
x

If x ~ l/n, then we have h ~ 1 and

(t - x)ru -7 du = (t - X)(t l
- 7- Xl - 7)/( 1 - cr:) ~ It - xl 2- 7/( 1 - cr:).

x

Hence

w(x) ISnUh, x) - fh(X)1 ~ 9M/(1 + x) -b h27 - 2/(1 - cr:)(Sn((t - X)2, x)) 1 -7/2

X 2(Sn((l + x + 2hfb/7 + (l + t + 2h fb/7, x)t/2

~ 18M/(1 +X)-b (x/nt- 1/(1-cr:)(x/n)I-7/2

x (( 1+ x + 2h )2b/7 + 32b/7Sn((l + t )2b/7, XW/2

~ 18M/(1 +x)-b/(1-a)(x/n)7/2

x3h((1 +X)2h/7+Ma• h(l +X)2h/7)7/2

Let

co

S:(g,y)= L g(k/n)Pn,k(Y)'
k=1

(4.6 )
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If x> lin, then we have

w(x) ISnUh' x) - fh(X)1 ~ 9Mlh2.-2(l + X)-b

X (Sn(((l + x + 2h)b + (1 + t + 2h)b?, X))1/2

Note that 1+x+2h~3(1 +x) and

(1 + t + 2h?b ~ 22b((1 + t)2b + (2hfb).

We have

(Sn(((l + x + 2h)b + (l + t + 2h)b)2, X))1/2

~ (2((1 + x + 2h)2b + 22bSn((2h)2b + (l + t)2b, X)))1/2

~ Mb(l +X)b.

By the moments of the Szasz-Mirakjan operators [4] we have

Sn ( ((t - x) t u -cr duy, x ) ~ S:(( (t - xf (x -cr + t -"))2, x)

+ (xrU-
cr

duYPn,o(X)

~ (Sn((t - X)8, X))1/2

x (16S:( (x -4. + t -4cr), X)) 1/2

+ (X2- cr/(l- exW e- nx

~ 4M4 (xln)2 (X- 4" + M 4"x- 4')1/2

+ 2(1 - ex) -2 X2- 2'(nx)2 e- nxI2! n- 2

where M 4 and M s are constants independent of x and n.
Thus, for x> lin, we also have

w(x) ISnUh' x) - fh(X)1 ~ 9Mlh2cr-2(1 + X)-b Mb(l + X)b JMs x1-crn- 1

~9Mj'M6JA1sn -.,

Therefore, we have

x~o
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w(x) IS:(fh - f, x)l,,;; w(x) S: (2jh f I(/2 Mlt- a-"

x (1 + t+ 2u + 2V)b (u + V)2" du dv, x)

,,;; w(x) Mlh 2"S:(t-a -'(1 + t + 2h )b, x)

,,;; Mlw(x) h2"(S:(t- 2a - 2" X))1/2

x (2 2bS:«2h )2b + (1 + tfb, x) )1/2

,,;; Mlw(x) h2"Ma,"x- a- "2b((2h)2b + M b(1 + X)2b)I/2

,,;; MIMa,,,2b(4b+ M b)I/2 n-".

Note that IE C~ b' We also have

ff
h/2 2

X 0 ILlu+J(O)1 dudvPn.o(x)

,,;; w(x) IS:(fh - f, x)1 + w(x)(2jh)2 Ml

For the second term we have

(

~2 )a
";;Mlw(x)(2jh) 2a h'(I+h)b It (u+v)-Idudv Pn,O(X)

,,;; Ml2 2ax u(l + x) -b h' - 2a2h( 1+ X)b M~(hj2)2a h -u Pn. o(x)

,,;; 2bMIM~(nx)(U + ,)/2 e-nxn-'

,,;; 2bMIM~(2nxe-2nx/(a H)j(a + 1X))(u H)/2 (a + 1X)(aHI/2 n-'

,,;; 2bMlM~(a+ 1X)(aH)/2 n -",

here we have used the following inequality in [1 ]

640/76/3-9

(0 < t";; 1), (4.8 )
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and for tE [2m , 2m + 1
), mEN,

t m 2 i + I 2)+ 1fJ (u+v)-ldudv< L L f (u+v)-ldudv
o i, j ~ _ en 2 21

j= - oc>

hence (4.8) holds for x = 0 and any t > 0,
Finally, by (4.5) we have for x>O

JJ
hl 2

w(x) If(x)-f,,(x)1 <w(x)(2jh)2 0 ILl~+J(x)1 dudv

x (1 + x + 2u + 2V)b (u + V)2' du dv

<M;(2jh)2 (l + x) -b (1 + x + 2h)b x-'h2'(hj2)2

Combining all the above discussions we obtain

where M f is a constant independent of n and x,
The proof of our main result is complete,
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