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In this paper we consider the weighted approximation by the Szasz-Mirakjan
operators. We characterize the functions with nonoptimal approximation order by
smoothness. © 1994 Academic Press, Inc.

1. INTRODUCTION

The Szasz—Mirakjan operators in [0, o0) are given by

oo}

SAfix)= 3 flk/n)p, (%), puilx)=e " (nx)fkL  (1.1)
V]

k=
In 1978, M. Becker [1] proved for me Nu {0}, (1 +x) " f(x)e
L_[0, ) and 0 <a <2 that
(1 +x)"" IS,/ x)—f)N < M(x/n)*?  (x20,neN)
< (14+x)"" | f(x+2h) = 2f(x+ h) +f(x)| < M h* (h>0,x=0).
(1.2)

V. Totik [7] gave a characterization theorem for these operators in
1983. He proved for fe C[0, ©0)n L_[0, 0) and O <a <2 that

ISulf) =Sl = Oln=*?)
> X2 flx+2h) =2 (x+ ) +f(x) <M (x20,h>0).  (1.3)

This result was also proved by V. Totik [6], Z. Ditzian and V. Totik [4].
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In this paper we shall consider the weighted approximation by the
Szasz-Mirakjan operators and give a characterization theorem. We take
spaces C, , via the weights w, , as follows.

w(x) :=w, 4(x)=x*(1+x) % 1>a>0,b>0, (1.4)
C,,={feCl0, w):wfe L0, )}, (15)
1 = 1wfll oo - (1.6)

In their monograph in 1987 [4], Z. Ditzian and V. Totik gave some
weighted approximation theorems for Kantorovich type integral version of
the exponential-type operators. It is strange that they did not consider the
same problems for the exponential-type operators. We shall point out
that the Szasz-Mirakjan operators are unbounded in C, , with the norm
(1.6). However, since the Szasz—Mirakjan operators reproduce linear
functions, we only need to discuss in the space CJ ,={feC, ,:f(0)=0}
first and then extend to C, ,. Let us denote [x] as the integer part of
x>0.

2. AN UNBOUNDED PROPERTY

We show the unbounded property for the Szasz—Mirakjan operators as
follows.

Lemma 2.1.  For S,(f, x) given by (1.1) and f€ C, ,, we have

w(x) S Sk/n) po ) < Moy 11 2.1
k=1

where M, , is a constant depending only on a and b. This implies for fe C_ ,
that

ISa (M <Moo 1 £ 1w (2.2)
Proof. Note that [1] for me N
S (1 +" x)< M, (14 x™). (2.3)
We have

S ((1+ 1) x) <278, (1 + 7, x) <27 M (1 + x)™. (2.4)
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By choosing m=[b/(1 —a)] + 1 we then have

w(x) Z Sk/n) p,, il

(x)(i (n/k)p,.,k(x))"
k

=1
o] b/m
x( Y (14 p,u0) 171
k=1
<272%(M)"" I f .-
Our proof is then complete.

THEOREM 1. For any ne N, the Szdsz—Mirakjan operator S,(f, x) is
unbounded in (C, 4, ||-1,.).

Proof. Let f,.(x)=1/(x*+1/m). Then we have |f,l.<1. By
Lemma 2.1 we have

1Sufudl 2 1906 fn(©0) P ol — H w(x) S Sonl/n) pu <()
k=1 @

zm “W(X) e—nx“ o —Ma,b

— o0 (m— o).

Hence S,(f) is unbounded in (C, ,, || -II.,).

3. BERNSTEIN TYPE INEQUALITIES

The main tool for the proof of the inverse theorem in the nonoptimal
case is an appropriate Bernstein-type inequality. Denote ¢(x) = x.

LEmMMmA 3.1. Let ¢, d=0. Then we have

o0

Z kin)=< (1+k/n)? p,, (x)

SM_,x“(1+x)%  (x>0), (3.1)

where M , is a constant depending only on ¢ and d.

Proof. If ¢, d>0, then we have for x>0

Y. (k/n)=< (1 +k/n)? p, i(x)

k=1

ol 1/2 ool 1/2
<( 5 (k/n)**pmk(x)) (z (1+k/n)2"pn_k(x)>
k

=1 k=1
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e} cf([2¢]+ 1)
<( T g, u0) (S,((1+ )0+ 1, x)tza1 0

k=1
< (([20] +2)| x-—([2c]+ l))('/([2c]+1)

X (2[2d1+1M[2d]+ 1(1 _+_x)[2d]+l)d/([2d]+ 1}
SM, . x (14 x)~

The cases of ¢ =0 or d=0 can be easily obtained, and our proof is then
complete.

Lemma 3.2 (Bernstein-type Inequality). Let fe Cy ,, ne N. Then we have
leSy(N.<Mn|fll. _ (3.2)

where M, is a constant independent of [ and n.

Proof. Note that for ge C[0, )

Si(g, x ”ZZ (g((k +2)/n)—2g((k + 1)/n) + g(k/n)) p, i(x),  (3.3)
Sn(g x)=(n/x)? Z glk/n)((kjn —x)* —kn~?) p, 4(x). (34)

Then for xe (0, 1/n] we have by Lemma 3.1 and (3.3)

[w(x) @(x) S(f, x) < w(x) xn® Z A(k/n) = (1 +k/n)" po () | £,

k=1
<4nw(x) Moy px (1 +2)" 1 /1
<Mnifl,.
For x> 1/n, by (3.4) we have
Iw(x) 9 (x) Si(: %)l
<wx)nifx 3 (wlkfn) ™ (ki) +kn =) po o) 111,
k=1

<w(x)n 2/X< Z (k/m)=2 (1 +k/n)2bpn,k(x))]/2

k=1
x (28,((t—x)*+ a2 XN ) f1l.
S Mo 20 0Y/x(2(0xn 3 + 35’072 4 X202+ xn2) 2 | ],
<4 /My pnllfll
sMn|fl.,
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here we have used the moments of the Szasz—Mirakjan operators

S.((t—x)% x)=x/n,
5
S"((t—x)4’ x):xn +3x2 72' (3 )

Thus we have proved our Bernstein-type inequality.

To prove our direct and inverse results we need the Peetre’s K-functional
defined in C?, as

K(f, 0= inf {1/~ gll+log"ll.}, (3.6)
D={geC?, g eAC, llog’ll, <0} (3.7)

LeMMA 3.3. Let fe D, ne N. Then we have
loS (e <My llof ... (3.8)

where M, is a constant independent of f and n.

Proof. Let x>0, ne N. By (3.3) and Lemma 3.1 we have
o0 1/n
Iw(x) 9(x) S1(f, %)l -‘w(x)xnz [ttty dudop, iix)
k=0

i ” (kin+u+v)y '
x (1 +k/n+u+v)b dudyp, ((x) |of"|.

<w(x)x Y {(1+ (k+2)m)? (kfn)~" =% py o(x))

k=1
x ll@f "l + wix) xn*(1 +2/n)°

1/n
x j u”adup, ox) lof" |,
0

o0

Sw(x)x 3 {3°(1+k/n)" (kin) ="~ p, o (x)} lof "),

k=1

+w(x) xn?3°(1/n)" = */(a(1 — a)) P, o(x) ll@f "Il
Swlx) x3°M, x4+ )" lof "],
+3%(nx)' * e~ (a(1 - a)) lof "Il
<M, liof .

Our proof is therefore complete.
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4. A CHARACTERIZATION THEOREM

With all the above preparations we can now give our characterization
theorem. Denote 42 f(x)=f(x +2h)—2f(x + k) + f(x) for x> 0.

THEOREM 2. Let O<a<l, b>0, w(x)=x*(1+x)"% feC, ,. Then for
0<a <1, the following statements are equivalent:

(1) wx)IS,(f,x)—f(x)|<Mn~* (neN,x=0). (4.1)
2) KU, 0, <M (1>0), (4.2)
(3) sup |x***(1+x+2h) "% 4 f(x)| S M/ h* (h>0);

x>0 (4.3)

Iw(x) x*42 f(0)] < M/x*  (x>0).

Proof. It is sufficient to prove this theorem for fe C) ,.

By the standard method for the inverse results [4,5] we have the
implication (1)=>(2) from Lemmas 2.1, 3.2, and 3.3.

Now suppose (2) holds. We want to prove (3).

Let x> 0. Then we have

|x9(1 4 x +2h) "% 43 f(x))
< x(1 4+ x+2h) 78 (1/w(x) + 2/w(x + k) + 1/w(x + 2h))

) f— gl +x9(1 +x+2h)—bﬂh |g"(x + u +v)| dudy
4]
<4\ f-gl,+xA+x+2h0)°
xﬁh (x+u+v) * "(U+x+u+v)dud|og’].,

<4{lf—gl.,+h/xllog"li.}

By taking infimum for g e D we obtain
x(1 + x+2h) " |47 f(x)| S 4K(f, h*/x), <4M[(h*/x)~

Hence the first statement of (4.3) is valid. The second statement can be
proved in the same way.

We now want to prove the final implication (3)= (1).

Introducing the Steklov type means for £ > 0 by

fh(x) - (z/h)z Jf:/z (2f(x +u+v) —f(x +2u+ 2v)) du dv, (44)
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one has [1]

h/2
SO —filoe) = QAP [ 4%, oS () o,
(4.5)

¥ (x)=h"?845, f(x) - 4} f(x)).

Suppose that (4.3) holds. For x>0, neN, let h=(x/n)"/2. Note that
(t —u) u—“ is monotone for ue [¢, x] or [x, t]. Then we have

W) 1S,y X)—fo(0)
<) S, ([ =) L0 di )

<IM/w(x)h72S, <J~ (t—u) W u= (1 + u+2h)° du, x)

P

SOM[w(x)h**?

X S, ((t—x)x—* j W du((1+ x+2h)" + (1 4 1+ 2h)?), x).

X

If x < 1/n, then we have h<1 and

(t—x)J.‘u”duz(t-x)(tl"—x"“)/(l —a)<|t—x12"%(1 —a).

x

Hence
w(x) 1SS X) = ful I SOMF (14 x) =2 B> 72 )(1 —a)(S,(( — x)%, x))' =2
% 2(S,((1+ x + 2h)*"™ + (1 + 1 + 2h)*", x))*?
S18MJ(1+ x)~°% (x/n)* /(1 — a)(x/n)' ~*2
x (14 x + 21)?>* + 32228 (1 + 1)/, x))*?
<18M; (14 x) " %/(1 — a)(x/n)*?
X 32((1 + %)+ M, (1 + x)*/*)*?
<Mcn™*
Let

SHg )=, glk/n)p, «(»). (4.6)

k=1
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If x> 1/n, then we have

w(x) |S,(far X) = fu() KOMH**~2(1 4+ x)~°
X (S,(((1+ x4 202+ (14 14 2h)%)?, x))!7?

x(S,,(((t—x)Lru‘“du)z, x))m (4.7)

Note that 1+ x+2A<3(1 + x) and
(1414 20)2 <22((1 + )% + (28)%%).
We have
(S ((1+x+2h)+ (1 +1+2h)%)°, x))'?2
S2((1+ x4+ 2R)% + 225, ((2R)*2 + (1 + 1)*, x)))?
<M, (1+ x)°.

By the moments of the Szasz—Mirakjan operators [4] we have

S, (((t—x) J' u? du>2, x) SSHF((t=xP (x 24+ 17)4 x)

x 2
+ (x J'O u* du) P, o(X)

<(S,((1—x)%, x))'7?
X (1683 ((x =™ +17%), x)) "2
+ (xZ—a/(l _a))z e ™

SAM (x/n)? (x = + My x~*)"?
+2(1 —a) 2 x2 ™(nx)’e ™/2!n"2

2 20,2
<SMx*~*n"%

where M, and M are constants independent of x and n.
Thus, for x> 1/n, we also have

Wx) 1S, fi X) = () SOMPR* "2 (1 4+ x) "8 My(1 4+ x)° /My x'
<OM/Mo/Msn=
Therefore, we have

sup {w(x) [S,(f4, ¥) —fu(x)| } = O(n ).

xz0
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From (4.5) we have
hf2
w2 1S3~ < i) 53 (@ [ pee

x (14t 4 2u+ 20)° (1 + v)** du dv, x>

<w(x) MIR=SHe (1 + 1+ 2h)", x)
S M7wix) RS2, x))"?
X (222S*((2R)?2 + (1 + £)*, x))'7?
<M w(x) KM, x = “25((2h)% + M,(1 + x)*) 1
<MIM, 2°(4% + M) n".
Note that fe C?,. We also have
w(x) |S,(fa =1 )] Swlx) [SE(Sfu =1, X)| + w(x)(2/h)?
([ 14200 dudo prx)
Sw(x) [SHfu—1f )| + wx)2/h)* M/

hi2
xﬂ‘ (u+0)* " (I +u+v)dudep, o(x).
4]
For the second term we have

w(x)(2/h): M} ”:/2 (u+0)*~ (1 +u+0) dudvp, o(x)

k2 4
< MPw(x)(2/h)> k(1 + hy? (ﬂ (u+0)"" du dv) Pnolx)
0

< M[2%x4(1 + x) ™2 h*22°(1 4 x)® M2(h/2)* h™* p, o(x)
S2PM[M(nx)“* o2 ¢ "p "
< 2benMg(2nxe72nx/(a+a)/(a+ a))(a+a)/2 (a+ a)(a+az|/2 n—a

< 2ij£'Mg(a+ Ot)("+a)/2 n*u’

here we have used the following inequality in [1]

[ cruto)y taudosMrix+20! 0<i<1),  (48)
[¢]

640/76/3-9
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and for te[2™, 2"* "), meN,

2i+1

2i+1
j (u+v) " dudv

2

”0' (+o) ™ dudo :iJ

2!
< Y 2'=271<4(2n),

hence (4.8) holds for x=0 and any ¢>0.
Finally, by (4.5) we have for x>0

hi2
) LG =00 < w2 [[ 142, S0 due o

oy [ Mpxoe

X (14 x4 2u+20)° (u+v)* dudy
MP(2/R) (1 +x) % (1 + x+ 2h)® x~*h2(h/2)?
< 3bM" e

Combining all the above discussions we obtain

w(x) 1S, x) —f(x)] < Myn 2,

where M is a constant independent of # and x.
The proof of our main result is complete.
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